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Abstract. We investigate whether analogues of Brolin's theorem hold true when it- 
erating a holomorphic correspondence on . Our results have the following character: 
if is a holomorphic correspondence on , then (under certain conditions) F admits 
an invariant measure /if such that, for any point z drawn from a "large" open subset 
of P^, Hf is the weak* -limit of suitably normalised sums of point masses carried by the 
pre-images of z under successive iterates of F. Let ^F denote the transpose of F. Under 
the condition dtop{F) > dtopCF), where dtop denotes the topological degree, the above 
is a small refinement of a set of recent results by Dinh and Sibony. Our substantive 
result, under this condition, is that the support of fj,F is disjoint from the normality set 
of F. There are many interesting correspondences on P^ for which dtop{F) < dtop{}F). 
Examples are the correspondences introduced by BuUett and collaborators. When 
dtop(F) < dtopi^F), equidistribution cannot be expected in general, but we show that 
something close to classical equidistribution occurs if F has a repeller. 



1. Introduction 

The dynamics studied in this paper owes its origin to a work of Buhett [2] and to a 
series of articles motivated by [2] — most notably [5, 6, 4]. The object of study in [2] 
is the dynamical system that arises on iterating a certain relation on C. This relation is 
the zero set of a polynomial g € C[zi, Z2] of a certain form such that: 

• g{-,Z2) and g{zi,-) are generically quadratic; and 

• no irreducible component of {g = 0} is of the form {a} x C or C x {a}, where 
a G C. 

The form of g above is such that, if Vg denotes the biprojcctive completion of {g = 0} 
in Pi X Pi and TTj denotes the projection onto the jth factor, then the set-valued maps 

3 zii — > 7r2 {tTi^{zi} D Vg) , and 

F^3Z2^ TTi {Tr^^{z2} n Vg) , (1.1) 

are both 2- valued (counting intersections according to multiplicity). In [6], this set-up 
is extended to polynomials g G C [2:1,2:2] of arbitrary degree that induce holomorphic 
correspondences C P^ x P^ such that the first map given by (1.1) is m- valued and 
the second map is n- valued, m,n > 2. It would be interesting to know whether such a 
correspondence admits a dynamical construction of an invariant measure in analogy to 
Brolin's Theorem [1, Theorem 16.1]. This problem is the main theme of this paper. 
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The reader will be aware of recent results by Dinli and Sibony [9] that, it would seem, 
should immediately solve the above problem. However, key assumptions in the theorems 
of [9] fail to hold for many interesting correspondences on . We shall discuss what this 
assertion means in the remainder of this section. We will need several definitions to be 
able to state our results rigorously, which we postpone to Section 3. 

Concerning the dynamics of multivalued maps between compact Kahler manifolds: 
results of perhaps the broadest scope are established in [9] . In the context of correspon- 
dences, we borrow from this work our terminology and the following definition. 

Definition 1.1. Let Xi and X2 be two compact complex manifolds of dimension k. Wc 
say that F is a holomorphic k-chain in Xi x X2 if .T is a formal linear combination of 
the form 

N 

r =^rnjTj, (1.2) 

where the m^'s are positive integers and ri,...,rjv are distinct irreducible complex 
subvarietics of Xi x X2 of pure dimension k. Let VTj denote the projection onto Xi, i = 
1, 2. We say that the holomorphic fe-chain F gives a meromorphic correspondence of Xi 
onto X-2 if, for each Tj in (1.2), 7ri|p^ and 7r2|p^. are surjective. The set-valued map, 
denoted as Fp, given by 

TV 

is called the meromorphic correspondence determined by F. We call Fr a holomorphic 
correspondence if Fr{x) is a finite set for every x G Xi. 

Remark 1.2. It is helpful to encode meromorphic correspondences as holomorphic chains. 
We will encounter circumstances where, in the notation of (1.2), mj > 2. For instance: 
even if we start with a holomorphic correspondence on determined by the biprojective 
completion, say C x P^, of an irreducible polynomial g G C[zi, Z2], composing Vg 
with itself (see Section 2) can result in a variety that is not irreducible and some of whose 
irreducible components occur with multiplicity greater than 1. 

Suppose (X, uj) is a compact Kahler manifold of dimension k {oj denoting the nor- 
malised Kahler form) and F is a meromorphic correspondence of X onto itself. One 
of the results in [9] says, roughly, that if dk-i{F) < dk{F), where dk-i{F) and dk{F) 
are the dynamical degrees of F of order {k — 1) and k respectively, then there exists a 
probability measure /xf satisfying F*fiF = dk{F)fiF, such that 

"L (■F")*(a;^) ""^^^ > fiF as measures, as n ^ 00. (1.3) 

When dimc(-'^) = 1, the assumption dk-i{F) < dk{F) translates into the assumption 
that the (generic) number of pre- images under F is strictly larger than the number of im- 
ages under F, both counted according to multiplicity. One of the important applications 
of the study of the iterates of meromorphic correspondences is to study the dynamics of 
dominant meromorphic self-maps of X with dimc(X) > 2. In this context, the assump- 
tion dk-i{F) < dk{F) is a very natural one. However, none of the techniques in the 
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current literature are of help in studying correspondences F for which dk-i{F) > dk{F), 
even when {X,oo) = (P'',uifs) and meaningful asymptotics are expected (in this paper 
cups will denote the Kahlcr form associated to the Fubini-Study metric). 

Why should one be interested in the dynamics of a meromorphic correspondence 
F : X ^ X, X a compact Kahler manifold, for which dk-i{F) > dfc(-F) ? The work of 
Bullett and collaborators suggest several reasons in the case {X, oj) = {F^,ujfs)- Thus, we 
shall focus on correspondences on (although parts of our results hold true for Riemann 
surfaces). A mating of two monic polynomials on C is a construction by Douady [11] 
that, given two monic polynomials f,gG C[z] of the same degree, produces a continuous 
branched covering (/ 11 g) of the topological sphere to itself. For certain natural choices 
of pairs {f,g), one can determine in principle — see [13, Theorem 2.1] — when {fUg) is 
semiconjugate to a rational map on P^. In a series of papers by Bullett and collaborators 
[5, 3, 4], these ideas have been extended to matings between polynomials and certain 
discrete subgroups of the Mobius group or certain Hecke groups, whose dynamics turn 
out to be conjugate to the dynamics of holomorphic correspondences on P^. To be a 
bit more precise: in these constructions, P^ is partitioned into two regions restricted 
to which the action of some holomorphic correspondence on P^ is conjugate to either 
the (iterative) action of a monic polynomial on its filled Julia set or to the standard 
action of one of the groups just mentioned on some component of its regular set. It 
would be interesting to build an ergodic theory for such matings. Now, in all the known 
constructions where a holomorphic correspondence F : P^ — >■ P^ models the dynamics of a 
mating of some polynomial with some group, do{F) = di{F). Therefore, in this context, 
producing an invariant measure (and doing so via iterated inverse images) would require 
that the techniques in [9] be supplemented by other ideas. 

Before turning to a rigorous statement of our results, we give an informal description 
of our work. First: when F is a holomorphic correspondence on P^, and do{F) < di{F), 
there exists a polar set £" ^ P^ such that 

^ -(F")*((5a;) ^^^^ fiF as measures, as n ^ oo, Var G P^ \ S, (1.4) 



di{Fy 

where hf is as in (1.3) with {X,uj) = {F^,ujfs)- This follows almost directly from (1.3) 
and another result in [9]. But furthermore, we shall see — and this is the substantive 
half of our result — that the support of fiF is disjoint from the normality set of F, 
where "normality set" is a notion of the Fatou set introduced in [6] in the context of 
correspondences. 

When F (a holomorphic correspondence on P^) satisfies do(F) > di{F), there is 
no reason to expect (1.4). Indeed, consider the examples: -^1(2;) := ^/z, in which 
case do{Fi) = di{Fi) = 1, or F2 being the holomorphic correspondence whose graph 
is the zero set in P^ x P^ of the polynomial g{zi,Z2) = — {zf + 1), in which case 
do{F2) = di{F2) = 2. When do{F) > di{F), we draw upon certain ideas of McGehee 
[15]. We find that if F admits a repeller — in the sense of McGehee — TZ CF^ having 
certain properties, then there exists a neighbourhood U{F, TZ) D TZ and a probability 
measure hf satisfying F* hf = di{F)iJ,F, such that 

(F"-)*{6x) ^""^^ > HF as measures, as n ^ 00, Va; G U{F,'R). (1.5) 



di{FY 
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A rigorous statement of this is given by Theorem 3.4. Note that (1.5) differs from (1.4) 
in that it does not state that \ U{F,Tl) is polar (or even nowhere dense), but this is 
the best one can expect (see Remark 3.5 below). 



2. Fundamental definitions 

In this section, we isolate certain definitions that are fundamental to our results but 
are somewhat involved. Since our results pertain to correspondences on P^, on which 
(for dimensional reasons) meromorphic correspondences are automatically holomorphic, 
we shall focus only on holomorphic correspondences. 

2.1. The composition of two holomorphic correspondences. Let X be a complex 
manifold of dimension k. For any holomorphic A;-chain F on X, we define the support of 
r, assuming the representation (1.2), by 

\r\ := uf^iF,. 

Consider two holomorphic correspondences, determined by the fe-chains 

iVi N2 

= ^mi,jFi,j, = Y,m2,jr2j, 

in X X X. The A;-chains Fi, /2 have the alternative representations 

= y' F* = y' F' ,., (2.1) 

where the primed sums indicate that, in the above representation, the irreducible sub- 
varieties F* j = l,...,Ls, s = 1,2, are not necessarily distinct and are repeated 
according to the coefficients nisj. We define the holomorphic /c-chain F* ^ o F* j by the 

following two requirements: 

|rv°n,il ■■= {{x,z) e X X X :3y e X s.t. {x,y) erij, {y,z)erii}, (2.2) 

where the Ygji^s are the distinct irreducible components of the subvaricty on the right- 
hand side of (2.2), and i^sji £ ^+ is the generic number y's as {x,z) varies through 
Ygji for which the membership conditions on the right-hand side of (2.2) are satisfied. 
Finally, we define the /c-chain 

■= EEr^^ri,,- (2.3) 

j=i 1=1 

If either or is a meromorphic, non-holomorphic correspondence, then the compo- 
sition rule is considerably more technical than given by (2.2); see [9]. The definition in 
[9] is required to ensure that no F* has irreducible components whose projections 

are not equal to X, and is equivalent to (2.2) when both F^ and F^ are holomorphic — 
see, for example, [10, Section 4]. The last fact requires a certain amount of intersection 
theory, but the interested reader is directed to Section 4 for an elementary proof of this 
fact when F^ and F^ are holomorphic correspondences on P^. To summarise: if F^ and 
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determine holomorphic correspondences on X, then so does o . The n-fold 
iterate of F will be denoted by r°". 

Given a A;-chain F on X {X as above), we may view l^l as a relation of X to itself. 
In certain sections of this paper, when we specialise to X = P^, we will need to make 
essential use of McGehee's results from [15] on the dynamics of closed relations on 
compact spaces. Let F^ and F'^ be as above. Then, the composition of the two relations 
\F^\ and \F'^\ in the classical sense (denoted here by IP^I * — which is the sense in 
which the term is used in [15] — is defined as 

\F'^\-k\F^\ ■= G X X X : 3y G X such that G |r^|, {y,z)e\F'^\}. (2.4) 

It is easy to see that for holomorphic correspondences 

ir^oT^I = irVl^^l- (2-5) 

In what follows, we shall adopt a notational simplification. Given a fc-chain that 
determines a holomorphic correspondence, and there is no scope for confusion, we shall 
simply denote Fphy F. 

2.2. The normality set of a holomorphic correspondence on a Riemann sur- 
face. Let F be a holomorphic correspondence on a compact Riemann surface X. The 

motivation for the concept of the normality set of F is quite simple. However, we 
will need a formalism that will enable good book-keeping. In this subsection, we will 
use the representation (2.1) for a holomorphic correspondence F. The set of integers 
{m, m + 1, . . . , n} will be denoted by [m . . nj. 

Given N ^I,^, wc say that (zq, . . . , zn] ai, . . . , un) G X^^^ x [1 . . L]^ (see (2.1) for 
the meaning of L) is a path of an iteration of F starting at zq, of length N, or simply an 
N-path starting at zq, if 

(z,_i,z,) GT'^, j = l,...,N. 

Next, given any two irreducible subvarieties T' and F* in the decomposition of F in the 
sense of (2.1), we define 

^U,k) = ^AT' :={{x,y,z)eX^:{x,y)er', (y,2:)Gr;^} 

= (r'xx)n(xxr^). 

For any multi-index a G [1 . . L]^ , a = (ai, . . . ,aj), we recursively define 

r« := (r^ai,...,a,_i) X X) n {X^-' x F" .) for j > 2. (2.6) 

In all discussions on the normality set oi F, we shall assume the following for any 
A^-path {zo, . . . , zn; ai, . . . , qjat): 

(*) For each j = 1, . . . , N , F*^^ ^ -^CiBj is an irreducible subvariety of Bj for every 

sufficiently sm^all ball Bj 9 (zq, . . . , Zj). 

An A''-path will be called an admissible N-path if it satisfies (*). Now fix a G X and 
N G and set 

^n{F, Zq) := the set of all paths of iterations of F, of length A'", starting at zq- 

We will denote an element of ^iv(F, zq) either by Z or by (Z; a) G X^+^ x [1 . . L]^ , 
depending on the need. Observe that if Z is an admissible A^-path, N >2, then there is 
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a unique irreducible component of FT to which (zq, ■ ■ ■ , Zj) belongs, j = 2, . . . , N. 

Hence, if Z is an admissible A?^-path, let us write 



'■' the unique irreducible component of T'^,^ q, ^ containing (^zo, . . . ,Zj), if _7 > 2. 

Finally, let i^{z,j) '■ — ^ ji where Yz^j is a compact Riemann surface, denote the 
desingularization of ■. Wc now have the essential notations needed to define the nor- 
mality set — in the sense of Bullett-Penrose [6] — of the holomorphic correspondence F. 
The one departure that we make from the Bullett-Penrose definition is that, in defining 
a holomorphic branch of an iteration along Z, we assume that Z is admissible. The only 
purpose of this restriction is that, in proving Theorem 3.1-(m), we will require precise 
book-keeping of all the branches involved, but we do not want the simple motivation for 
the normality set to be obscured by too much book-keeping paraphernalia. 

The motivation for the normality set of F is quite simple: it is the analogue of the 
Fatou set. However, some additional formalism is required to achieve this analogy in 
view of the following essential considerations: 

a) The analogue for the family of all iterates of a map must be the collection of 
local maps defined by the germ of at {zo,zn), whenever this makes sense 
(around a chosen zq) for every Z G ^n{F, zq) and for every N G 

b) Since the germs in (a) might have singularities, we must pass to Puiseux parametriza- 
tions to identify the family of functions (defined around zq) that we require to 
be normal. 

Let proj;;. and irj, denote the following projections: 

Projfe : — > X^, projfc : (.xq, . . . , .Xfc) i — > (xq, . . . , 

iri : — >X, TT^ : {xq, . . . , Xfc) ^ xj, < j < k, 

where k G Z+. We now have all the notations for the key definition needed on the way 
to defining the normality set of F. A schematic drawing is presented on the following 
page to give an impression of the various objects occurring in the following definition. 

Definition 2.1. Let X be a compact Riemann surface and let -F be a holomorphic 
correspondence on X. Let N € Z+, zq G X, and let Z G /^n{F,zo). Write Z = 
(Z; a) = {zo,...,zn; a). We caU the list {i^(z,i) ° ipiz,i), ■ ■ ■ ,^(z,N} ° ip{z,Ny, U) a 
holomorphic branch of an iteration of F along Z \i Z \s an admissible A?^-path, U is 
a connected neighbourhood of zq and ip(z,j) '■ D — > Y(z,j) holomorphic mappings 
defined on a planar domain D containing such that, for each j = 1, . . . , N: 

1) I'iZJ) ° ^(Z,j){0) = {ZO, Zj). 

2) The set U{Z,cx,j) :=the irreducible component of fl{Z,Q.,j) n F^ j containing 
{zq, . . . , Zj) (where we define 

■projr'(t/), ifj = l, 

u X ni;l 4 ° ^{2, k) o k) (D)] , if j > 2 ) 



n{z,cx,j) 



^proj/ 



is such that 7rj 



is a (perhaps ramified) covering map. 

U{Z,a,j) 
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2.) 



Figure 1. Objects associated to Definition 2.1; ai = 1; 2 partially 
obscured by 0,{Z, a, 2) 

3) 4^(2, j) is a finite-sheeted (perhaps ramified) covering of j^{U{Z,cx,j)). 

4) proj^- o ° i^izj) = ^{zj~i) ° i^{z,j-i), provided j ^ 1. 

Remark 2.2. As 2 is admissible, U{Z, a, j) in condition (2) is well-defined and j-^{U{Z, cx, j)) 
is a smooth patch that parametrises it; see [12, Chapter 7]. 

Note that if F is a non-constant rational map on then 

'^{z,j)°i^(z,j) ■■= {^1^0 + zo, F{- + zo)\jy,..., F^{- + zo)\jj) , j = 1,2,3,..., 

where D is a small disc around 0, satisfy all the conditions in the above definition. Fhis 
is the situation that Definition 2.1 generalises. This definition might look very different 
from that given in [6] , but that is largely because we need more explicit labelling of the 
various holomorphic branches than what the notations in [6] provide. It is in this effort 
of labelling that the assumption (*) helps. Now, having defined holomorphic branches, 
we can give the following definition. 
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Definition 2.3 (paraphrasing Buhet-Penrose, [6]). Let X be a compact Riemann surface 
and let F be a holomorphic correspondence on X. A point zq & X is said to belong to 

the normality set of F, denoted by J\f{F), if there exists a connected neighbourhood U 
of zq and a single planar domain D containing 0, which depends on zq, such that 

1) For each G and each 2 G ^i\i{F, zq), there exists a holomorphic branch 
{^{2,1) ° i^(z,i)-: ■ ■ ■ i^{z,N) ° '^{z,N)'j of iteration of F along Z with 
Dom(V'(^,j)) = D for every {Z, j). 

2) The family 

^{zo) := {n^ o zy(^^jv) o ^(:z,jv) ■.NeZ+,Ze ^n{F, zq), and 

[uf^z, 1) ° i'iz, 1) , • • • , ^{z, N) ° '^{z, N) ]U)\s& holomorphic 
branch of an iteration of F along Z} 

is a normal family on D. 

Remark 2.4. The set N{F) is open, although it is not necessarily non-empty. If zq € 
M{F) and U is the neighbourhood of zq as given by Definition 2.3, then it is routine to 
show that U (ZM{F). 

3. More definitions and statement of results 

We need to present some formalisms before we can state our first result. 

Given a holomorphic correspondence on X, dime (A) = k, determined by a holomor- 
phic A;-chain F, its adjoint correspondence is the mcromorphic correspondence deter- 
mined by the fc-chain (assuming the representation (1.2) for F) 

N 

tr := ^m,tr„ 

where ^Tj := {{y,x) e X x X : (x, y) eVj}. 
In the abbreviated notation introduced in Section 2, we shall henceforth write: 

TTin . 771 tlT" . IT" 

Jr .= Jrporij 'Jr .= -t-fp. 

Given a holomorphic /c-chain F on X x X, F dctcmincs a ciu'rcnt of bidimension 
{k, k) via the currents of integration given by its constituent subvarieties Tj. We denote 
this current by [F\. If F is the meromorphic correspondence determined by -T, we 
formally define the action of F on currents 5 on X of bidegree (p,p), < p < A;, by the 
prescription: 

F*{S) := (^i).(vr2*(5)A[r]), (3.1) 

where, as usual, VTj denotes the projection oi XxX onto the jth factor. This prescription 
would make sense for those currents for which the pullback by 1^2 makes sense and the 
intersection of this new current with [F] also makes sense. That this is the case is easy 
to see when is a smooth (p,p) form (hence a current of bidegree {p,p) on X). The 
reader is referred to [9, Section 2.4] for details. 

It turns out that if /x is a finite, positive Borel measure, then the intersection with [F\ 
in (3.1) makes sense. Here, /x is viewed as a current of bidegree {k, k). Let us work out 
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F*/i for a specific example that is central to this paper. Let x ^ X and let 6x be the 
Dirac mass at x. The prescription (3.1) is interpreted as 

N 
N 

= ^mj((5^, (TTalr. )^(7rt<^)), (3.2) 

i=i 

where the last equality is the just the way we define the puUback of a current under 
a mapping (of an analytic space) that is submersive on a Zariski open subset of its 
domain. How does one compute the expression (3.2) ? If C X is a Zariski-open subset 
of X such that (7r^^(i7) n Tj, $7, 172) is a covering space for each j = 1, . . . ,N, then, for 
X G ri, (7r2|p ,)*(/) (a;) is just the sum of the values of / on the fibre 7r^"^{a;} H Tj for any 
f eC°^{X X X). Thus, when x £ ^, (3.2) equals the quantity 

AT 

J2mj J2 "^(0 =: MvKx) xen. (3.3) 

Now, if F is holomorphic, then for any fixed continuous function (p, A[(p] extends con- 
tinuously to each x £ X \ Q. Wc shall denote this continuous extension of the left-hand 
side of (3.3) also as A[(/?]. In other words, F*{5x) can be defined as a measure supported 
on the set ^F{x), and 

{F*{dx),ip) = A[cp]{x) VxGX, V(^gC(X). (3.4) 

The arguments preceding (3.3) continue to be valid if, in (3.2), Sx is replaced by fi, a 
finite, positive Borel measure on X. 

The push- forward of a current 5 by F is defined by the equation F^{S) := ^F*{S) 
whenever the latter makes sense. 

If is a Borel measure, the notion that is invariant under a correspondence requires 
appropriate modifications. As before, let X be a compact complex manifold and F a 
meromorphic correspondence as in (1.2). A Borel measure fx on X is said to be invariant 
under X if 

N 

nij h{tti{tt2^ (E) n Tj)) = fi{E) for each Borel set E C X. 

Note that the sets occurring in the left-hand side of the above equation are Borel sets. 

Finally, wc define two numbers that are essential to the statement of our theorems. 
With F as above, let di{F) denote the generic number of preimages under F of a point 
in P^, counted according to multiplicity. What we mean by "counted according to 
multiplicity" is that if Q is the Zariski-open set defined prior to the equation (3.3), and 
the 1-chain F determining F has the representation (1.2), then 

N 

di{F) = m jCard{x : {x,y) e Tj}, y G 0, 
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irrespective of the choice of y G fi. In other words, di{F) is the topological degree of F, 
denoted as dtop{F). Define do{F) := dtopC'F). With these definitions, we are ready to 
state our first theorem. 

Theorem 3.1. Let F be a holomorphic correspondence on and assume that do{F) < 
di{F). Then: 

i) There exist a Borel probability measure jip onF^ that satisfies F*{iJ,p) = di{F)iiF 
and a polar set £ <^'¥'^ such that for each z G \ £^ 

, - {F'^)*{5z) ^ I^F as measures, as n ^ oo. 

di{F)'^ 

In particular, jip is invariant under F . 
ii) swpp^fip) is disjoint from the normality set of F. 

The proof of the above theorem may be summarised as follows. 

• Since do{F) < di{F), a direct application of two results from [9] is possible, from 
which it follows that — > jip in the sense of distributions. 

• One can show that, owing to dimensional considerations, convergence in the 
sense of distributions in the present set-up coincides with weak* convergence in 
C(P^;M)*. 

• To establish Part {ii) we appeal a second time to one of the results used to 
establish Part (i) — i.e. to (1.3) with uj = ojps- Given this, it suffices to show 
that the masses of any compact K d N{F) with respect to the measures induced 
by {F"^)* {ijJfs) are bounded from above. 

The situation is very different when dQ{F) > di{F). To repeat: we should not expect 
asymptotic equidistribution of prcimages in general, even when do{F), di(F) > 2, as the 
holomorphic correspondence F whose graph is the zero set in x P^ of the polynomial 
9{zi->Z2) = ^2 ~ i^i + 1) (where do{F) = di{F) = 2) illustrates. We require some 
dynamically meaningful condition for things to work. It is this need that motivates the 
next few definitions. Let X he a compact Hausdorff space and let / C X x X be a 
relation of X to itself such that vri(/) = X. For any set S C X, we write 

f{S) := 7r2(7rr^(S)n/). 

We define the nth iterated relation by 

/W := fi.f^''-^) forn>2, (3.5) 

/(^) := /, 

where the composition operation -k is as understood from (2.4) above. It is useful to have 
a notion of omega limit sets in the context of iterating a relation analogous to the case 
of maps. This definition is provided by McGehee in [15, Section 5]. Following McGehee, 
for a subset S C X, let us write 

^(S; /) := {K Cciosed X : K satisfies f{K) C K and /(")(5) C K for some n > 0} 

(with the understanding that f^^^ is the diagonal in X x X). The omega limit set of S 
under /, denoted by oj{S; /), is the set 

uj{S-f) := f]mf)- 
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We say that a set ^ C X is an attractor ioi f li A ^ X and there exists a set U such 
that A(lU° and such that oj{U; /) = A. 

These concepts motivate the following two definitions in the case of holomorphic cor- 
respondences. 

Definition 3.2. Let F be a holomorphic correspondence on a Ricmann surface X given 
by the holomorphic 1-chain F. A set A d X \s called an attractor for F if it is an 
attractor for the relation \F\ in the sense of [15]. A set TZ is called a repeller for F if it 
is an attractor for the relation \^F\. 

We must note here McGehee calls the relation on X induced by l^r] the transpose of l^l, 
and our \^F\ is 1^1* in the notation of [15]. 

Definition 3.3. Let F be as above and let TZ he a repeller for F. We say that 7?. is a 

strong repeller for F if there exists a point oq € TZ and an open neighbourhood U of TZ 
such that for each w £ U, there exists a sequence {an{w)}nez+ such that 

• aniw) G Vn G Z+; and 

• an{w) — > ao as n — >■ oo. 

Given a holomorphic correspondence F on determined by the 1-chain F, we write 

F{S) := uf=i7r2(7rrH5)nr,) (3.6) 

for any 5 C (assuming the representation (1.2) for F). We call w & a critical value 
if there exists an irreducible component Tj such that at least one of the irreducible germs 
of Tj at some point in Tr^^j'u;} fl Tj is either non-smooth or does not project injectively 
under tt2. 

We are now in a position to state our next result. 

Theorem 3.4. Let F be a holomorphic correspondence on for which do{F) > di{F). 
Assume that F has a strong repeller TZ that is disjoint from the set of critical values of F. 
Then, there exist a Borel probability measure fip onF^ that satisfies F*{fiF) = di{F)fiF 
and an open set U{F, TZ) D TZ such that 

— ^(F")*((5^) IIP as measures, as n ^ oo Vz G U{F,TZ). (3.7) 

In particular, fip is invariant under F . 

To the best of our knowledge, Theorem 3.4 is the first theorem concerning the equidis- 
tribution of preimages of a holomorphic correspondence F such that do(F) > di{F). 
It would seem that (3.7) could be stronger, since the theorem does not state that 
Pi \ U{F,TZ) is polar (or even nowhere dense). However, given that do{F) > di{F), 
this is very much in the nature of things. In this regard, we make the following remark. 

Remark 3.5. If F is as in Theorem 3.4, we cannot conclude, in general, that the set 
F^\U {F, TZ) is polar. The following example constitutes a basic obstacle to P^ \ (F, TZ) 
being even nowhere dense. Let P be any polynomial whose filled Julia set has non-empty 
interior. Consider the holomorphic correspondence F determined by 

F^ ■— the completion in P^ x P-*^ of the zero set of {zi — P{z2)). 
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Here, do{F) = deg(P) > 1 = di{F). Note that {00} is a strong repeller. However, 
U{F, {00}), cannot contain any points from the filled Julia set of P. 

The proof of Theorem 3.4 relies on techniques developed by Lyubich in [14]. Given our 
hypothesis on the existence of a repeller TZ, one can show that there exists a compact set 
B such that TZ C B° and '^F{B) C B. This allows us to define a Perron-Probenius-type 
operator : C{B; C) — > C{B] C), where 




with A|^ being the operator given by (3.3) with B replacing fi. Our proof relies on 
showing that the family {A^ :n = l,2,3,...} satisfies the conditions of the main result 
in [14, Section 2]. This goal is achieved, in part, by showing that for each z G U{F, TZ) 
there are, for each n G Z+ , sufficiently many holomorphic branches of n-fold iteration of 
the correspondence ^F. 

One might ask whether there are lots of holomorphic correspondences F on with 
do{F) > di{F) — and not just those described in Remark 3.5 — that satisfy the con- 
ditions stated in Theorem 3.4. The reader is referred to a short section on constructing 
examples at the end of this paper. In the next section, we shall establish a few technical 
facts which will be of relevance throughout this paper. The proofs of our theorems will 
be provided in Sections 5 and 6. 

4. Some basic technical propositions 

We begin by showing that the composition of two holomorphic correspondences on 
P"*^, under the composition rule (2.3), produces a holomorphic correspondence. 

One way to see this is to begin with how one actually computes F2 o Fi if one is given 
exact expressions for Fi and F2. Let F'^ be the graph of Fg, s = 1,2, and consider the 
representations given by (2.1). Fix indices j and I such that 1 < j < Li and 1 < I < L2. 
It follows that there exist irreducible polynomials Pi,P2 E C[z,w] such that 

r'_j. nC^ = {{z,w) e : Pi{z,w) = O}, r' , nC^ = {{z,w) e : P2{z,w) = O}; 

see, for instance, [17, pp. 23-24]. Now, given any polynomial P e C[z,w], set 

supp(P) := {{a,P)eN^:d^d^P{Q,0)^0}, 

dz{P) •— max{a G N : (a, /3) G supp(P) for some /5 G N}, 

dw{P) •— max{/3 G N : (q;,/3) G supp(P) for some a G N}. 

Then, there is a choice of projective coordinates on P^ such that 

n,,- = {([^0 : zi], [WQ : wi]) G P^ x P^ : zi'^'^'^wi^^'''^ Pi{zi/zo,wi/wo) = 0}, 
r',/ = {([^0 : zi], [wo : wi]) G P^ x P^ : zi^^'''^wi-^'''^P2{zi/zo,wi/wo) = 0}. 

With these notations, we are in a position to state our first proposition. 

Proposition 4.1. Let T* ■ and F* ^ he irreducible subvarieties belonging to the holomor- 
phic 1- chains F^ and F"^ respectively. Let Pi and P2 be the defining functions ofT' jHC^ 
and r* ; n respectively. 
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i) Let R{z,'w) := Res{Pi{z,-),P2{-,w)), where Res denotes the resultant of two 
univariate polynomials. Let Vr denote the biprojective completion in x of 
{{z,w) G : R{z,w) = 0}. Then ir'^^or^^^l = Vr. 
ii) Vr has no irreducible components of the form {a} x P^ or P^ x {a}, a G P^. 

Proof. Let us write F := jF* ; o F* ^1. Since two polynomials p,q E C[X] have a common 
zero if and only if Res(p, g) = 0, 

FnC^ = {{z,w) eC'^ ■.Res{Pi{z,-),P2{;w)) = 0}. 

Hence, as V is the biprojective completion of F fl in P-*^ x P-*^, (i) follows. 

To prove (a), let us first consider the case when a 7^ [0 : 1]. Then, it suffices to show 
that R has no factors of the form {z — a) or (w — a). We shall show that R has no factors 
of the form (z — a). A completely analogous argument will rule out factors of the form 
(w — a), a G C. To this end, assume that there exists an a G C such that {z — a)\R in 
C[2;,'u;]. This implies 

R{a,w) = ^weC. 

Thus, for each w £ C, the polynomial P2{-, w) has a zero in common with pi := Pi{a, •) G 
C[X]. Note that pi ^ because, otherwise, {z — a)\Pi, which would contradict the fact 
that TTslp. is surjective, s = 1,2. Thus, there exists an uncountable set 5 C C and a 

point b E Pi^{0} such that 

P2{b,w) = Q ^weS. 

But this implies P2{b, •) = 0, i.e. that {z — b)\P2. This is impossible, for exactly the same 
reason that (z — a)\Pi. Hence R has no factors of the form {z — a), a G C. 

Note that, if we write C := {[zq : zi] G P^ : zi 7^ 0}, then, arguing as in the beginning 
of this proof, 

Fn(C'xC) = {{z,w) eC^ : z'^^^^'>Res{Pi{l/z,-),P2i-,w)) = 0}, 
where dz{R) is as defined in the beginning of this section. If we define R e C[z, w] by 
R{z,w) := z'^^(^)Res(Pi(l/2,-),P2(-,«^)), 

then an argument analogous to the one above shows that z\R in C[z, w]. This establishes 
that {[0 : 1]} x P^ is not an irreducible component of V. A similar argument shows that 
P^ X {[0 : 1]} is not an irreducible component of V either. □ 

Corollary 4.2. Let and be two holomorphic correspondences on¥^ . ThenF'^oF^ 
is a holomorphic correspondence on P^ . 

Proof. Let us pick F* j and F* ; as in Proposition 4.1 and let C be an irreducible compo- 
nent of the variety jF* ^ oF* j\. We must show that vr^l^;; is surjective, s = 1, 2. Recalling 
the explanations given in the proof of Proposition 4.1, it suffices to show the following: 

(**) Given any a G C, 7r7^{a} DC ^ 0, s = 1, 2. 

We shall prove (**) for s = 1; the proof for s = 2 follows mutatis mutandis. There 
exists a polynomial P G C[2;,i(;] such that C fl = {{z,w) G : P{z,w) = 0} — see, 
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for instance, [17, pp. 23-24]. We may write 

P{Z,W) = Pn{z)w'', 
n=0 

where p„ G C[z], n = 0, . . . ,dw{P), and dyj{P) is as defined at the beginning of this 
section. It follows from the fundamental theorem of algebra that there exists a point 
6 G C such that P(a, h) = 0, unless 

Po{a) / and Pn{o) = Vn / 0. 

This leads to two cases. 

Case 1. The degree dw{P) = 0. 

In this case P depends only on z, in which case C is of the form {6} x P-*^, 6 G P-*^. But, 
by Part {ii) of Proposition 4.1, this is impossible. Hence, this case cannot arise. 

Case 2. The degree dw{P) > 0. 
In this case, note that 

zi^^''^wi-^''^P{a/zo,w^/wQ) = 0. 

zo=l,wo=0 

This means that ([1 : a], [0 : 1]) G n^^a} D C. 

These two cases together establish (**) for s = 1. □ 
The next lemma will be useful in simplifying expressions of the form {F"')*Sz or 

Lemma 4.3. Let X be a compact complex manifold and let F be a holomorphic corre- 
spondence on X. Then = (tp)" Vn G Z+. 

Proof. Let k := dim(X) and let P be the holomorphic fc-chain that determines F. We 
shall use the representation 

p = y' r- 

for P. We must show that 

t(r°") = (tr)°'^ Vn G Z+. (4.1) 

This is clearly true for n = 1. Let us assume that (4.1) is true for n = m. By this 
assumption 

(\]l^y{m+l) ^ \r°'^)o^P. (4.2) 

We adopt notation analogous to that used prior to Definition 2.1 For any multi-index 
a G [1 . . L]^ , OL = («!, . . . , Oj), j = 1, 2, 3, . . . , let us define 

p*" ._ Y* o r*^"^''"'"-'"^-' ifj>2, 

r-« := r-[ if j = i. 

Now, for j = m>2, where m is as in (4.2), define 

I{ot) := the collection of all irreducible subvarieties comprising the 1-chain F*" 
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(now a G [1 . . L]™"). Then, by the composition rules (2.2) and (2.3) 

N(Y,l) 

t(r-")otr- = H ^j,Y,iciY)Zy,i, 

Yel{a.) 1=1 

where the ^y,;'s are the distinct irreducible subvarieties of 

{{zi,Z2) G {F^f :3w€F^ s.t. {w,zi) G T', {z2,w) G Y}, (4.3) 

c{Y) G Z_|_ is the coefficient of Y in the expansion of F*" according to the representation 

(1.2) , and i^j,Y,i G Z+ is the generic number w's — as (^1,22) varies through Zyj — 
for which the membership conditions in (4.3) are satisfied. Prom the form of the sets in 

(4.3) , clearly 

t(r'")otr' = t(r«or*"). 

Combining this with (4.2), we get 

(t^)o(m+i) ^ y' y' t(r«or*") 

^ ^ Z^je[l..L]^ae[l..L]'" ^ ^ 

= \ror°"'). 

The expression (4.1) follows by induction. □ 

The final result in this section is important because it establishes that the measures 

di{F)~^{F^)* (Sz) ■ occurring in Theorems 3.1 and 3.4, are probability measures. The 
result below is obvious if F is a map. Its proof is simple but, for general correspondences, 
a little care is needed to account for multiplicities. 

Proposition 4.4. Let F be a holomorphic correspondence on . Then dtop{F^) = 
dtop{Fr Vn G Z+. 

Remark 4.5. As a matter of fact. Proposition 4.4 is true for holomorphic correspondences 
on any compact complex manifold X, and not just on P^. The proof is almost exactly 
the one below, except that when X ^ ¥^ those parts of the proof below that rely on 
Part (ii) of Proposition 4.1 will, in the general case, follow from the following: 

Let X be a compact complex manifold and let T* ■ and F* ^ be as in (2.1). The 
projections tti and 1^2 are surjective when restricted to each irreducible component 

Since we have not given a proof of the above when X ^ — doing so would be a 
considerable digression — we state Proposition 4.4 for X = F^ only. 

Proof. We shall use induction. The above formula is a tautology for n = 1. Assume that 
it is true for n = m for some m G . Let F be the holomorphic 1-chain that determines 
F. Following the representation (1.2), let us denote 

M 
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and let F be precisely as in (1.2). Then 

M N 
j=l 1=1 

Let y be a Zariski-open subset of such that (7r^^(y) nT;, F, 7r2), (7r2"^(l/)nAj, l/,7r2) 
and {tt^^CV) D Aj, V, vri) are covering spaces for each (j, Z) G [1 . . M] X [1 . . A'"]. We can 
then find a Zariski-open subset V of (P-*^)^ such that 

(•) V <Z V"^ , iy'^ \ V) is an at most finite union of lines of the form {a} x P^ or 
Pi X {a}, and for each (j, Z) G [1 . . M] x [1 . . AT], 7r^^{w;} n F D ■K2^{w} n Vi and 

That there is a y for which (•) holds true for all pertinent (j, /) follows easily from 
Part {ii) of Proposition 4.1. (We shall provide an argument below for a fact analogous 
to (•); a simpler version that argument gives (•).) 

Let us write 

A(A, j) := the number of sheets of (7r^^(7r2(F)) n A^, 7r2(y), 7r2), 

A(r,/) := the number of sheets of (7r^^(7r2(F)) nr/,7r2(y),7r2). 

We now fix a (j, I) G [1 . . M] x [1 . . iV]. Let us write Xji := \Ti o Aj\. Let Ysji's, s = 
1, . . . , N{j, I), be the distinct irreducible components of Xji. It follows from a standard 

intersection-theory argument (note that Ygji is irreducible), the fact that dimc(l^,jz) = 
1, and from the structure of V, that there is subset C P^ such that is a Zariski- 
open subset of V and 

Card {miTT^^iw} n Ti) n 7r2(7rf H-z} n A^-)) = ^sji V(z,u;) G Ysji n W'^, (4.4) 

for each s = 1, . . . , N(j, I) and (j, /) G [1 . . M] x [1 . . A''], where Vsjl is as given immedi- 
ately after the composition rule (2.2). 

Consider the set 

Qji := {{z, w)eW^ : n^^iw} nW^ D n^^^iw} n and vrf ^{z} nW^ D T^i^{z} n A^}. 

This set is clearly a Zariski-open subset of W'^, but we claim that flji is a non-empty 
Zariski-open set. To this end, consider the sets 

Ei := {v\w^)nAj, E2 := {v\w'^)nri. 

Owing to the Part {ii) of Proposition 4.1 and the structure of V, E\ and E2 are finite 
sets. Hence 

W^'\(vr2-n7r2(£^2))U7rr\7ri(Ei))) ^ 0. 
Then, owing to the property (•) 

^jl D W'' \ {'K2\t^2{E2)) U TT^\n^{E{))) , 
whence our claim. Now, for each w G Tr2{^ji), define 

SjiM := U TT^HCInA,-. 
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By the construction of tt^^I-u;} n c C V \/w £ vr2(0ji). Then, by the 
construction of V, 

Car6{Sji{w)) = A{A,j)A{r,l) ^weM^ji). (4.5) 

Let &ji denote the set of all points in Xji that belong to more than one Yg ji. Then, by 
(4.5) 

N{j,l) 

'^s,jiCar6{Tr^^{w}nY,ji) = A(A,j)A(r,Z) Vu; G 7r2(J^,7) \ 7r2(©,7)- (4.6) 

s=l 

Recalling our definitions: 

N M 

dtop{F) = J2miA{r,l), dtop{F^) = Y.iJijA{\,j). (4.7) 

Now let V be a Zariski-open subset of ¥^ such that {T^^^iV') n Yg^i, V' , 7r2) are covering 
spaces for every s = 1, . . . , N{j, I) and every (j, I) G [1 . . M] x [1 . . A'']. Then, writing 
Q, := {V n 7r2 {nj^iO,ji)) \ 7r2 {UjjGji), we have by definition 

M jv JV(i,0 

dtop{F'^'^^) = YY 'Y H'^l ^s,jl Card(7r^^{w;} n Yg^ji) for any u; G 

3=1 1=1 s=l 

In view of (4.6) and (4.7), the above equation simplifies as follows: 

M N 

dtopiF-^^') = ^^/x,m,A(A,j)A(r,0 
j=i 1=1 
= dtopiF"')dtopiF) 

= dtop{F)"^ dtop{F) [by the inductive hypothesis] . 

By induction, the result follows. □ 



5. The proof of Theorem 3.1 

As stated earlier, Part (i) of Theorem 3.1 follows almost directly from some of the 
results in [9]. We therefore begin this section with a statement of the results needed. To 
do so, we need a definition. If (X, lo) is a compact Kahler manifold of dimension k, u so 
normalised that J-^uj^ = 1, then for each s = 0, 1, . . . , fc, the number 

X,{F) := / F*{oj')Au;''-' 
Jx 

is called the intermediate degree of F of order s. In view of the prescription (3.1), the 
above definition can be rewritten as 

XsiF) = YmJ (^iLegCr,))*^'"' A (vr2|reg(r,)) (5-1) 
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with the understanding that ui^ := 1, and that reg(rj) is the set of ah points at which 
Fj is smooth. For s = 0, 1, . . . , A;, we define the dynamical degree of F of order s as 

4(F) := hmsup(A,(F"))V". 

n— >-oo 

Wc now state two essential results. In this section, whenever we refer to a compact 
Kahler manifold {X,u), we will assume that oj is normalised so that Jj^uj'^ = 1. 

Result 5.1 (Theorem 4.6 of [9] paraphrased for correspondences). Let {X,uj) be a com- 
pact Kahler manifold of dimension k and let Fn '■ X — > X , n = 1,2,3, ... , be meromor- 
phic correspondences on X. Suppose the series c?top(-^n)~^-^fe-i(-^n) converges. 

Then, there exists a pluripolar subset £ of X such that for each x E X \ £, 

(dtopiFn)-^ (f*(5,) - F*(^^^')) , V) ^ as n ^ oo 

for each ip G C^(X;M) and, in fact, this convergence is uniform on subsets that are 
bounded with respect to the C^-norm. 

Result 5.2 (a version of Corollary 5.3, [9]). Let F be a meromorphic correspondence on 
a compact Kahler manifold {X,co) of dimension k. Suppose dk^i{F) < dtop{F). Then, 
there exists a PLB probability measure fj,^ such that 

1 /7-in\*/ k\ weak* 

-{p ) [oj ) > jJLp 0-s measures, as n ^ oo. 



dtop{F)' 

Furthermore, fip satisfies F* = dtop{F)^F- 

We refer the reader to [9, Section 2.2] for a definition of PLB measures; what is of 
relevance to us is that /Ui? is a Borel probability measure. 

The reader will note that one quantitative departure from the original in our para- 
phrasing of [9, Theorem 4.6] is that we have replaced all occurrences of Afc(F„) in the 
original by dtop{Fn). This is because, in the case of meromorphic correspondences, 
^k{Fn) = dtop{Fn). Theorem 4.6 of [9] applies to the more general class of multival- 
ued maps that Dinh-Sibony call meromorphic transforms, for which the last equality 
may not hold true. Before proceeding further, we justify this equality. 

Lemma 5.3. Let {X,(jS) be a compact Kahler manifold of dimension k and let F : X — > 
X be a meromorphic correspondence. Then, Xk{F) = dtop{F). 

Proof. Let F be the graph of F, and consider the representation (1.2) for it. Let C denote 
an irreducible component occurring in the representation (1.2). Let Qhe a Zariski-open 
subset of X such that {112^ {^) H C, fi, 712) is a covering andF :=7r2^(f^)nC is a smooth 
manifold. Let A be the degree of this covering. 
Let us write 

liCu) := [ UL^^oJ 
By the definition of reg(C), ( 7r2| )*u)^ vanishes at each point on reg(C) \ E. Thus, 



Ircg(C) 

.k 



I{C,u) = / U2|,,g(c) c.^ (5.2) 
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As (7r2|g)*w'^ is a volume form, we have an associated Lebesgue measure on E. Then, 
the integral in (5.2) is the Lebesgue integral of a certain non-negative continuous function 
fc,oj '■ E — > [0,00). Furthermore, observe that: 

• 712!^ is Lipschitz relative to any smooth local coordinates on it. 

• As I{C,Ld) is finite, fcw is integrable with respect to the Lebesgue measure on 
E. 

The last three facts provide us the setting in which to apply the change-of-variable 
formula for the map tt2\ej which gives us 

X(-4,.,c,)> = ^l/. 
From this, (5.2), and the fact that Q is Zariski-open in X, it follows that 

I{C,u) = a/o;* = A (5.3) 
Jn 

(owing to the normalisation of a;). Now let A{r,j) denote the cardinality of 7r^^{x}nrj 
for generic x. Since (5.3) holds true for any irreducible component C that constitutes 
r, it follows that 

TV 

Xk{F) = ^m,A(r,i) = dtop{F). 

□ 

Note: the above lemma also establishes that the numbers do{F) and di{F) occurring 
in the statement of Theorem 3.1 agree with the dynamical degrees of order and 1 
respectively. 

The proof of Theorem 3.1. i) With a; = a;^^, it follows from Lemma 5.3 and the defini- 
tion of Xo{F) that Xo{F) = dtopCF) = dQ{F). Therefore, in view of Proposition 4.4, the 
series 

V ^ dtopiF'^y'Xk-iiF^) = V ^ d.iFy'^doiFr is convergent. 
Therefore, from Result 5.1, it follows that there is a polar set S such that for each 

{dtopiF)-^ {(FTiS,) - (FyicuFs)),^) as n ^ 00, (5.4) 

where tp G C^(P"'^;M). By hypothesis, Result 5.2 is applicable. Let fip be the probability 
measure guaranteed by Result 5.2. From the discussion culminating in (3.4) we see that, 
for each n G Z+, {F")*(6z) can be viewed as a measure. Hence, combining the conclusion 
of Result 5.2 with (5.4), we see that ii zeF'^\£, then 

dtopiFy [ i)d{F'^Y{5z) ^ [ i^d^F asn^oo (5.5) 

for each fixed ^ G C2(P^;]R). 

Let us fix a z G P^\£:. It follows from (3.4) and Proposition 4.4 that dtop{Fy {F"")* (5^) 
is a probability measure. With this fact, it is easy to see that the mode of convergence 
in (5.5) implies the conclusion of Part (z). To see this, let us write dtap{F)~'^{F'^)*{5z) 
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as v^. Now fix a continuous function / G C(P^;M). Given an e > 0, we may pick a 
G C°°(P^;M) such that suppi 1/ — '01 < s/3. Applying (5.5) to this particular ip, and 
using the triangle inequality, we can find an iV = N{£) G Z+ such that: 



< e \/n> N. 



So, for each fixed / G C(P^;M), J^ifdu^ — > j^^f djip as as n ^ oo. This is precisely 
the desired conclusion. 

As lip is a Borcl measure, it is a regular measure. Thus, keeping in mind the ap- 
proximation trick above, it suffices to show that for any open set U and any continuous 
function (p : P-*- — > [0, 1] with supp(99) C U , Jpi ^[^] djip = /pi ^djipj where A[(^] is 
as explained in the passage following (3.3). Fix a point z ^ £. By the equidistribution 
result just established: 

/ KMd^XF = lim dtop(F)-("+i)((F")*(<5,),AM) 

= hm dt<^(F)-("+i)((F"+i)*(5,),(^) = / ^dfiF. [by (3.4) above] 

By the preceding discussion, this establishes that fip is invariant under F. 

(ii) We assume that M{F) ^ 0; there is nothing to prove otherwise. Let us fix a G 
J\f{F). Then, any Z G ^niF,zo) is admissible, and by Property (4) of Definition 2.1, 
assuming that n > 2, we get 

= 7r° o u^2,j) ° i^\z,j) Vj = 2, . . . , n. 
Iterating this argument, we deduce the following: 

For any n > 2, 2 & ^n{F,zo) (and admissible) 

^ 7r° o u^z j) o tp(zj) = TT? o 1) o 0(_2 1) Vj = 1, . . . , n. (5.6) 

Let us now fix a disc A around G C such that A D (where D is as given by 
Definition 2.3). Define 

•= n,e[i..L] n <°n(.o,7r2(x);j),l)OV'((.o,7r2(x);j),l)(A). 

a;67rj-^{zo}nr» 

Clearly, there is a region G ^ D, containing 0, such that 

(j^..,oV',.,)-i((7r?|^(^..))"V'')) m G 

for each x G Trjf ^{zq} fl T* and each j = 1, . . . , L, 

where x • j is our abbreviation for the triple ((^o, 7i"2(x); j), 1) (= {{zq, 7r2{x)),j, 1) alter- 
natively) and U{x • j) is as described in condition (2) of Definition 2.L From the above 
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fact and (5.6) we deduce the following: 
for any n> 1 and 2 = {Z; a) G ^n{F^ zq), 

(^(^,n)0^(^,„))-'((7r^|^(^_„^„))"Vo)) <^G. (5.7) 

We can deduce from Definitions 2.1 and 2.3 that K^" C M{F). As has non- 
empty interior, it suffices to show that for any non-negative function G C(P^;M) with 
supp((^) C K^°, j^i^pd^F = 0. Hence, let us pick some function (p G C(P-'^;M) as 
described. For any path Z = {Z, a) G ^n{F, ^o), let us write 

:= (7r° X O oz.(2^„)oV'(:z,„). 

Then, following the notation introduced in the proof of Lemma 4.3, Z^{D) is a F*"- 
open neighbourhood of the point (ttJJ x 7rJJ)(Z). Furthermore, by our constructions 
in Definition 2.1, vrf ^(K^") n |r°"| is covered by the sets Z^{D) as Z varies through 
^„(F, zo). Hence, by definition: 

{{F-r{u:Fs)M = j <{^)'^*2{^FS). 

By condition (2) of Definition 2.1, v'^^ has cardinality > 2 for p G U{Z, a, n) if and 

only if p is a nodal singularity (see Remark 2.2). It is routine to show that vrJJ x vr" would 
map two distinct points p,q & U{Z,a.,n) to the same point precisely when there is at 

least one 1 < j < n, such that -k^ is not inicctivc. Thus, if vr^ x 7r!!'|„.^ . 

J U(Z,a.,j) r>-\U{Z,a,n) 

is not injective, then, by condition (2) of Definition 2.1, it has a well-defined topological 
degree. We shall denote it by deg(^'^). By arguments analogous to those in the proof 
of Lemma 5.3, we can apply the change-of- variables formula to get: 

{{F^TiuFs),^) = E -r^^ I (^ovrOoi.(^,„))(7r>^(^,,))*(a;^5). 

For each Z G ^niF, zq), let us write 

deg(.Z) := the degree of the map '4^[z,n) '■ D — > z/^"^^^(C/(2', a, n)). 
We apply the change-of- variables formula for ramified coverings of finite degree to get: 

{{F^riuFs),^) 

" ^ deg(^)deg(^^) ° ° ^(^'") ° ^(^■n))« o ^{Z,n) o i^(Z,n)n^Fs) 

ze^r.{F,z,) deg(^jdeg(^ j J_ 

(5.8) 

The last expression arises from (5.7) and the fact that supp((^) C . 
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Endow with homogeneous coordinates. In view of the argument made below, we 
may assume without loss of generality that tt" o U(^z^n) ° ''P{z,n){D) does not contain both 
[0 : 1] and [1 : 0] (if not, then for each n and each Z £ zq) for which this happens, 

we split the relevant integral below into a sum of integrals over a two-set partition of 
D). Writing 

where X(^z,n)jY{z,n) ^ C'(Z)) and have no common zeros in D, define 



<l{Z,n) 



_ \X(z,n)/Y{Z,n), if [0 : 1] G < o iy(^2,n) ° i^{Z,n){D), 
\y(Z,n)/X(^Z,n), if [1 : 0] G < o U(^z,n) ° i^(Z,n){D). 



From the expression for the Fubini-Study metric in local coordinates and from (5.8), we 
have the estimate 

d,{F)--\{{F-nujFs),^)\ < J2 [ ''^ii-( il'if"^^?ni2 )W)- 

^l(^) Ze^^iFa.) I Vl + k(^,n)(C)l J 

Since, by hypothesis, ^{zq) is a normal family, it follows — see, for instance, Conway 
[7, Chapter VII/§3] — that the family 

I 1 12 : n e Z+ and ^ G ^„(F, zo)| 

is locally uniformly bounded. As G d D, there exists an M > such that 

, !1^'"^^^,^ii2 < M VC G G, n G Z+ and G ^n{F, z^). 

Given n G Z+, the number of summands in (5.8) is at most dtop{\F'"')) = (io(-F)". The 
latter equality is a consequence of Proposition 4.4 and Lemmas 4.3 and 5.3. From it and 
from the last two estimates, it follows that 

'doiFY 



d,{F)-^\{{F^y{coFs),<p)\ < c 



M^Area(G) — y as n oo, (5.9) 



diiF)\ 

since, by hypothesis, do{F) < di{F). 

In view of Result 5.2, with oj = cjfs, and (5.9), we have 

f ^df,F = lim ^—{{F'-nujFs),v) =0. 
By our remarks earlier, (ii) follows. □ 



6. The proof of Theorem 3.4 

As the paragraphs in Section 3 preceding the statement of Theorem 3.4 would suggest, 
its proof relies on several notions introduced in [15]. We therefore begin this section with 
a definition and a couple of results from [15]. 
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Definition 6.1. Let X be a compact Hausdorff space and let f G X x X he a relation 
of X to itself such that 7ri(/) = X. A set S C X is called an attractor block for / if 
f(B) C B°. 

We recall that, given a relation / and a set 5 C X, f{S) is as defined in Section 3. 

Result 6.2 (McGehee, Theorem 7.2 of [15]). Let X be a compact Hausdorff space and let 
f C X X X be a relation of X to itself such that vri(/) = X . Assume f is a closed set. If 
B is an attractor block for f. then B is a neighbourhood of U!(B; f): i.e., uj{B\ f) C B° . 

Result 6.3 (McGchcc, Theorem 7.3 of [15]). Let X be a compact Hausdorff space and 
let f C X X X be a relation of X to itself such that 7ri(/) = X. Assume f is a closed 
set. If A is an attractor for f and V is a neighbourhood of A, then there exists a closed 
attractor block B for f such that B gV and uj{B; f) = A. 

Before we can give the proof of Theorem 3.4, we need one more concept. For this 

purpose, wc shall adapt some of the notations developed in Section 2.2. Here, F will 
denote a holomorphic correspondence on P^. Firstly: given N G Z_|_, we say that 
{wq, w-i . . . , W-n; ai,. . . , a^) G (P^)^"*"^ x [1 . . L]'^ (sec (2.1) for the meaning of L) 
is a path of a backward iteration of F starting at wq, of length N, if 

{w-.j,w-j+i)eTl., j = l,...,N. 

In analogy with the notation in Section 2.2, we set: 

^-n{F, Wo) := the set of all paths of backward iterations 

of F, of length A'^, starting at wq. 

Next, we say that a point w; G P^ is a regular value of F if it is not a critical value (recall 
that we have defined this in Section 3). We can now make the following definition: 

Definition 6.4. Let F be a holomorphic correspondence on P^, let N G Z_|_, and let 
Wo G P^. Let W := {wo,w-i, . . . ,w-n', cki, • ■ ■ , ^at) G ^-n{F,wo). We call the list 
(^F(-yy 1), . . . , ^^(w, w^)) ^ regular branch of a backward iteration of F along W if: 

1) Wq, W-i, . . . , W-N+i are regular values. 

2) For each j = 1, . . . , N, ^F(y^) j^ is a holomorphic function defined by 

^W,,)(C) := 'rio(7r2|^(w,,-))"'(C) VCG7r2(P(W,i)), 

where P(W,i) is a /oca/ irreducible component of F*^, at the point {w-j,W-j-^-l) 
such that: (a) T>{yV,j) is smooth; (b) t\2 restricted to P(W,j) is injective; and 
(c) 7r2(P(W,i)) D 7ri(P(W, j - 1)) when j > 2. 

The above definition is the analogue — for the scenario in which we are interested — of 
the notion of a "regular inverse branch of F of order AT" introduced by Dinh in [8] . 

The following is the key proposition needed to prove Theorem 3.4. 

Proposition 6.5. Let F be a holomorphic correspondence o/P^ having all the properties 
stated in Theorem 3.4 and let TZ be a strong repeller that is disjoint from the set of critical 
values of F. Then, there exists a closed set B d'F^ such that B° D TZ and such that: 
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i) The operator Ab ■= di{F)^^ Mb' where A|^ is as defined in (3.3) with B 

replacing Vl, maps C{B; C) into itself, 
ii) There exists a probability measure fiB € C(P^;M)* that satisfies lis o = 

and such that 



lim sup 

n—^oo B 



AJ'i^]- j^^d^lB 



= \/ipeC{B-C). (6.1) 



Proof. Let ao eTZ and let U be an open neighbourhood of TZ such that: 

• For each w e U, there is a sequence {an{w)}nez+ such that a„(iy) G ^F'"{w) for 
each n, and an{w) — ao as n — )• oo. 

• [/ contains no critical values of F. 

By Result 6.2 and Result 6.3, we can find an open neighbourhood W ol TZ such that 
W C U and is a closed attr actor block for the relation l^r"]. 

Repeating the last argument once more, we can find a closed attractor block, B, for 
|tr| such that 

ncB°cBcW(£U. 

By the above chain of inclusions and by the definition of the term "attractor block", it 
follows that the operator maps C{B;C) into itself. 

Claim 1. For each fixed ip G C{B; C), {A^[(^]}„gz+ is an equicontinuous family. 

It is easy to see that 7?. is a closed proper subset. We can thus make a useful observation: 

We can choose W so that F'^\W is non-empty. Hence, wc can choose coordinates 
in such a way that we may view W as lying in C, and that W C We shall 
work with respect to these coordinates in the remainder of this proof. 

Let us pick a point wq in B (which, by construction, is a regular value) and let D{wo) 
be a small disc centered at wq such that D{wo) C W. Let us fix an A/" > 1 and consider 
a path W G ^-n{F,wo). Recall that, by construction: 

^F{W) C W. (6.2) 



We can infer from (6.2) that there exists a regular branch (^-F(w;^ i), . . . , ^i^(vv;. jv)) of a 
backward iteration of F along W. To see why, first note that, as wq is a regular value 
and D{wo) C W, we get: 

(ai) There is an open neighbourhood Uq of wq containing only regular values. 
(6i) Writing 

Ui := the connected component of 7r^^([/o) fl F*^ containing {w-i,wo), 

and defining P(W, 1) :=any one of the irreducible components of the (local) 
complex-analytic variety Ui, the function 

^F(W, 1) ■= TTi o ( 7r2|x)(w,i) ) ^ is holomorphic on Uo- 

(ci) The open set Ui := ^^F(yy; i)(f/o) C W and hence contains only regular values. 

The assertion (ci) follows from the fact that Ui C ^F{W) C W and that the latter 
contains no critical values. 
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Let US now, for some k G Z+, A; < — 1, assume the truth of the statements (a^), 
{pk) and (cfe), which are obtained by replacing all the subscripts and 1 in (ai), 
and (ci) (except the subscript in vri) by A; — 1 and /c, respectively. Now, (a^+i) follows 
from (cfc). Defining ViyS^, + 1) in exact analogy to ViyS^, 1), and writing 

^W,fe+i) ■= TTi o ( 7r2|x,(w,fe+i)) ^ 

the holomorphicity of {T^2\D{y\! A;+i))^ follows from (a^+i) and our definition of a regular 
value of F. Thus {hk+i) holds true. We get (cfe+i) by appealing once again to (6.2) and 
using the fact that Uk C W . By induction, therefore, a regular branch of a backward 
iteration of F along W exists. 

We thus conclude the following: 

• ^^(W, AT) o • • • o ^i^{w, 1) e 0{D{wq))- and 

• ^w,iv) ° • • • ° ^^(w,i)(^(^o)) c 1^ (s C. 

Recall that W was arbitrarily chosen from 0^-n{F,wo) and that the arguments in the 
last two paragraphs hold true for any choice of VCW, < j < N, and for any AT G Z+. 
Thus, by Montel's theorem, we infer the following important fact: the family 

|^^(W,Af) o • • • o ^^(W, 1) ^ CiiD{wo)) : W G ^^n{F,wo) for some iV G Z+ 

& (^-FcWjAT), • • ■ , ^^(w, 1)) 0, regular branch of a backward iteration o/f| 
is a normal family. (6-3) 

Pick a G C(B;C) and let £ > 0. As 5 is compact, there exists a number 5{e) > 
such that: 

\zi-Z2\<S{e) ^ \ip{zi) - ip{z2)\ < e yzi,Z2eB. (6.4) 

We pick a C G -B. By taking C = wq in the discussion in the previous paragraph, we 
infer from the normality of the family ^^{Q that we can find a sufficiently small number 
r(e,Q > such that: 

- CI < r{e, and ^ G B ^ |^(0 - V(C)I < <^(£) G t^(C). (6.5) 
Now, for each C € S write: 

^^(Af, C) := {{^Ij, W) : is some tF(v^;,Ar) o • • • o ^^^^ in t^(C), W G ^-iv(F, C)}. 

If (Co, C-1) • • • ) C-A^i cn) =: W is a path of backward iteration (with Co being the above 
C), basic intersection theory tells us that the local intersection multiplicity of F*^. with 

P-*^ X {C-j+i} at iC-jX-j+i) equals the number of distinct branches 1"F(yy; one can 
construct according to the above inductive prescription (this number is greater than 1 if 
r*^. has a normal-crossing singularity at (C-j, C-j+i))- From this, and from the iterative 
construction of the 'I^F^yy jv)'s above, it follows that: 



Card[ jm{N,Q] = di{F)^ VC G B. 



(6.6) 
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From (6.4), (6.5) and (6.6), we get: 



J2 di(F)-"(<^o^(C)-<poV;(0) 
(V',W)eJ»(n,C) 

<di(F)-" J2 \^°^iO-Vo^{0\ < e 

y^e B such that |^ - CI < r{s, and Vn G Z+. 
The above holds true for each ( G B. This establishes Claim 1. 

In what follows, the term unitary spectrum of an operator on a complex Banach space 
will mean the set of all eigenvalues of the operator of modulus 1, which we will denote 
by Specy. 

Claim 2: Specy(AB) = {!}, and the eigenspace associated with 1 is C. 
The proof of the above claim is essentially the one in [14]. However, to make clear the 
role that the properties of TZ play, we repeat most of the details of Lyubich's argument. 
Let us fix a A G SpeCu(AB) and let (px G C{B;C) be an associated eigenfunction. Let 
G -B be such that |¥'a(C*)I = max^ \(px\- By definition 

di(F)-i J2 <^AO^(C*) = XvxiC*)- (6.7) 
(V,W)ej®(i,C*) 

The above equality would fail if, for some ^ occurring above, \ipx o V'(C*)I < Iva(C*)|- 
Furthermore, if, for some ijj occurring above, ipx o V'(C*) and XipxiC*) do not lie on the 
same ray through G C, then cancellations would lead to (recall the fact (6.6) and that 

I</^ao^(C*)I = I<^a(C*)I) 

V>xoi^{C*) < di{F)\<px{C*)\, 

(V,W)ej»(i,C.) 

which is a contradiction. Thus ipx{x) = X(px{C*) ^ ^^(C*)- Iterating, we get 

^x{x) = A>a(C*) VxGtF"(C*), n = 1,2,3,... (6.8) 

Since, by construction, B d U, there exists G ^F"(C), n = 1, 2, 3, . . . , such that 

Xn — > clq. Therefore, owing to (6.8), the sequence {A"^(/?A(C*)}nez+ is a convergent 
sequence. As (fx ^ (by definition), this implies that A = 1. 

Observe that, having determined that A = 1, (6.8) also gives 

VxiC*) = Px{ao). (6.9) 



Note that A[(f] = A[(p] G C{B;C). Hence, Repx and \m(px arc also eigenvectors of 
A associated to A = 1. Thus, we have the following analogue of (6.7): 

MF)-^ Yl Re^AoV'(2*) = XReipxiz*), 

where z* e B stands for either a point of global maximum or a point of global mini- 
mum of Reipx- Using the above as a starting point instead of (6.7) and repeating, with 



DYNAMICS OF CORRESPONDENCES OF pi 27 

appropriate modifications, the argument that begins with (6.7) and ends at (6.9), we 
get: 

mmB{Re(px) = Re(px{o,o) = maxB(Re(/?A)- (6.10) 
Similarly, we deduce that: 

Combining the above with (6.10), we conclude that, for any eigenvector ipx associated 
to X = 1, ipx = constant. This establishes Claim 2. 

To complete this proof, we need the following: 

Result 6.6 (Lyubich, [14]). Let 3^ be a complex Banach space. Let A : ^ — > M he 

a linear operator such that {A^{v)}n^i_^ is a relatively-compact subset of for each 
V G Assume that Specu(^) = {1} and that 1 is a simple eigenvalue. Let h ^ be an 
invariant vector of A. Then, there exists a linear functional fx that satisfies fj,o A = 
and fi{h) = 1, and such that 

A"'{v) — > fj,{v)h as n oo 

for each v E 

Take ^ = C{B]C) in tlie above theorem. Note that |A^[99]| is bounded by max^ Iv'l 
for n = 1,2, 3, . . . Thus, in view of Claims 1 and 2, Ab satisfies all the hypotheses of 
Result 6.6. Hence (recall that the function that is identically 1 on i? is an eigenvector 
of As) there is a regular complex Borel measure /ib on B such that J^ldiiB = ^, and 



lim sup 

n— ^-oo ^ 



V(^gC(5;C). 



It is clear from the above equation that /xs is a positive measure. Hence it is a probability 
measure on J5. □ 

The proof of Theorem 3.4- Let B be any closed set having the properties listed in the 
conclusion of Proposition 6.5. Let fiB be the probability measure associated to this B. 
We claim that fj,F is given by defining: 



/ ifid/iF ■■= / iflBdUB V^gC(P^;( 

jpi JB 



We must show that fip does not depend on the choice of B. The proof of this is exactly 
as given in [14, Theorem 1]. We fix a point z So, z E B foi any choice of B. Thus, 



ipdjjLF = li™ ''^bM(^) (by Proposition 6.5) 

pi n—¥oo 

= lim di(F)-"A'"[v9](z), (since tF"(z) C ^F'\n) C 7^) 

n— ^-oo 

where A is as described in the passage following (3.3). The last line is independent of 
B. Hence the claim. 

By the above calculation, we also see that Jpi Id/ii? = 1. Thus, /x^ is a probability 
measure. 
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Let U be the open set described at the beginning of the proof of Proposition 6.5. We 
now define: 

2S(7^) := jfi ^ [/ : B is closed, B° D 7^, ^F{B) C B and there exists a closed 

attractor block for \^r\ s.t. B C -B° C -B* C t/j . 

We see from the proof of Proposition 6.5 that, owing to our hypotheses, *8 is non-empty. 
Hence 

U(F,n) :=[ \ B° 

is a non-empty open set that contains Tl. Let z e U{F,TZ). There exists a 5 G *B such 
that z G B°. A close look at the essential features of its proof reveals that this B has 
all the properties listed in the conclusion of Proposition 6.5. Consider any ip G C(P^;C). 

We now apply Lemma 4.3 to get 

cii(F)-"((F")*(5^),^) = di(F)-"A"[(^](z) (from (3.3) and Lemma 4.3) 

= Al[cp]{z) (since ^^"(z) C ^^"(5°) C B) 

ifdfiF as n — >■ DO, (6-11) 

and this holds true for any z G U{F,TV). The last line follows from our observations 
above on np- Now note that, by construction, ^F{z) C U{F,TZ) for each z G U{F,Tl). 
Therefore, in view of equation (3.3), it follows from (6.11) that F*{^f) = d\{F)iJLF. 

The proof of the fact that /Xi? is invariant under F is the same as in the proof of 
Theorem 3.1. □ 



7. An example 



The purpose of this section is to show that it is easy to construct examples of holo- 
morphic correspondences on that satisfy all the conditions stated in Theorem 3.4, 
but, unlike the example discussed in Remark 3.5, have "large" rcpcllers. 

Choose a complex polynomial p with deg(p) > 2 such that its Julia set Jp '^^^ and 
such that no critical values of p lie in Jp. It follows — see, for instance, [14, §4] — that 
there is a compact set B such that B° z:> Jp and avoids the critical values of p, and 
such that p~^{B) C B°. Next, choose a polynomial Q with deg{Q) > 2 and having the 
following properties: 

a) Q has an attractive fixed point, call it (o, in J'p; 

b) B lies in the basin of attraction (under the action of Q) of Co- 
in view of (b), we can find a positive integer N that is so large that 

• Q^iB) C B°; 

• Ndeg{Q) > deg(p). 

Let us write q := Q^. 
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Next, we define: 

Ti := {{[zo:zi],[wo:wi]):w^,'^'^'^zi-wi'^'^'^Zoq{w,/wo)=0}, 
r2 := {{[zo:zi],[wo:wi]):wiz^'^^^''^ -wozi'^'^^^p{z,/zo) = 0}. 

The projective coordinates are so taken tliat [0 : 1] stands for the point at infinity. 

We set i"' := Fi + r2 and let F denote the correspondence determined by F. Clearly 
do{F) = deg(g) + 1 > deg(p) + 1 = di{F). By construction, C B°. In other 

words, B an attractor block for the relation |^/^|. Therefore, it follows from Result 6.2 
and Definition 3.2 that F has a repeller TZ C B°; this repeller is just uj{B; \^F\). 

It is easy to see that 

n LJtF^B) C u{B;\^F\) 

n>0 k>n 

(the reader may look up [15, Theorem 5.1] for a proof). The above implies that 

jp C B°. 

Thus, the correspondence F defined above has a repeller that is disjoint from the set of 
critical values of F. Owing to (a) and (b) above, for each w E B°, there exists a point 
an{w) G '^F"'{w) such that a„(tt;) — > Co- Hence, 7^ is a strong repeller. 
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